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IV. LOCAL COLORINGS, HEAWOOD COLORINGS, EDGE COLORINGS 
IV.l. Introduction to the Various Colors 
It has been known for a long time that there are several equivalent definitions 
of four-coloring on the sphere. Saaty (1972) g ives over 13 different formulations. 
On surfaces other than the sphere, these definitions are not equivalent. We study 
three different kinds of “coloring”: edge coloring, heawood coloring, and local 
coloring. 
The first type, edge coloring, is a division of the edges of a triangulation G into 
three disjoint classes, so that each triangle has one edge in each class. We can 
think of each edge having one of three colors, and every triangle has all three 
colors on it. 
Next, we have heawood colorings. A heawood coloring is an assignment of 
+l or -1 to every triangle of a triangulation G such that for every interior 
vertexp of G, the sums of the values of the triangles containingp is divisible by 3. 
Last, there is the Zocal coloring, a set N of the edges of G such that (1) at every 
vertex p of G there is a four coloring f, and (2) the elements of N containing p 
are precisely the nonsingular edges off, . 
There is a hierarchy among the various colorings: 
PROPOSITION 25. Let G be a triangulation of an orientable surface. 
(1) A four-coloring of G induces an edge coloring of G. 
(2) An edge coloring of G induces a heawood coloring of G. 
(3) A heawood coloring of G induces a local coloring of G. 
The reverse implications are all false. Before we continue, we give examples of 
each of the four types of colorings, each one being induced by the previous one. 
* This article is a continuation of the article “Geometric Coloring Theory,” Adv. Math. 
24 (1977), 298-340. All previous definitions, results, and references are to be found there. 
+ Present address: Department of Mathematics, Bowdoin College, Brunswick, Maine 
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FIG. 25. The various colorings on the octahedron. (a) four-coloring, (b) edge, (c) hea- 
wood, (d) local. 
Proof. The first part is quite simple. Let f be a four-coloring of G, so f is a 
map from G to d3. On A3 there is a unique edge coloring, so we get an edge 
coloring k of G by setting k(e) equal to the edge color of f(e) in d3, where e is 
an edge of G. We can describe this pull back of colorings as follows. Let the 
vertices of A3 be 1, 2, 3, 4. The unique edge coloring is the decomposition 
l(l, 2), (3, 4))> {U, 3), (2, 4% and {( 1, 4), (2, 3)). The color of an edge of G is 
determined by the colors of its end points. All end points colored with 1 and 2 
or 3 and 4 are in one class, all those with colors 1 and 3 or 2 and 4 are in the 
second class, and the last class is all edges with end points I and 4 or 2 and 3. 
Suppose that k is an edge coloring, with colors A, B, C. Since each triangle is 
oriented, the order of the edges of a specific triangle T is either ABC or 
ACB. I f  the order is ABC, set j( T) = 1; otherwise set j(T) = -1. We claim 
that j is a heawood coloring. This only concerns what happens in the neighbor- 
hood of an arbitrary point p, so we are reduced to the following situation: We 
have a polygon Ink(p) and a labeling of the vertices of Ink(p) by three “colors,” 
where a vertex of Ink(p) is given the color of the edge joining it to p. Since two 
adjacent vertices of Ink(p) correspond to two edges of a triangle of st(p), the 
labeling k is a three-coloring. The assignment j on a triangle T containing p is 
just the orientation of the edge of T not containing p with respect to the map 
k: Ink(p) --t 6 A2. The sum of the orientations is three times the degree (Lemma 
2), so 3 divides the sum of all the j( r) at p. 
Next, suppose that we have a heawood coloring j. The labeling N of the in- 
duced local coloring is defined by saying that an edge e of G is in N if f  both 
triangles containing e have the same value under j. Intuitively, N is all the non- 
singular edges. To show that this is a local coloring, it suffices to show that for 
each p the heawood coloring of st( p) is induced by a four-coloring. 
We are thus reduced to the following problem on the circle. Let P(n) be a 
circle with n vertices, and let j be an assignment of fl to the edges of P(n) such 
that the sum of j(e) over all edges e of P(n) is zero. Fix an orientation of P(n) and 
A2. We want to show that there is a three-coloring f such that j(e) is +l i f f  e is 
mapped in a positive fashion to A2 by f. Let the vertices of P(n) be Pi ... P, . We 
construct f by setting f (PI) = 0, and f  (Pi) = f  (Piml) + j(e&, where ei is the 
edge between Pi and Pjpl . This function f  is well defined modulo 3, and is the 
desired three-coloring. 
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In the process of the above proof, we have shown the following: 
PROPOSITION 26. A local coloring of the star of a vertex is induced by a heawood 
coloring, the heawood is induced by an edge coloring, and the edge coloring is induced 
by a four-coloring. 
In the next section we see that this is true for any simply connected region. 
In case the region is not simply connected, the implications cannot be reversed. 
Figures 26a and 26b are triangulations of the torus. The edge coloring of Fig. 26a 
which has all horizontal edges of one color, all vertical of another, and all the 
diagonal edges a third color is not induced by a four-coloring. The + triangles of 
Fig. 26a indicate all the positive triangles of a heawood coloring which are not 
induced by an edge coloring. We formally establish these results in the next 
section. 
FIG. 26. Two triangulations of the torus. 
What happens if the surface is nonorientable ? A four-coloring still induces 
an edge coloring, and a heawood coloring induces a local coloring, but an edge 
coloring does not induce a heawood coloring. The orientation of a triangle is no 
longer well defined. 
IV.2. The Obstructions between Colorings 
In the last section we defined four types of coloring. In this section we study 
the obstruction to one type of coloring being induced by another type. We begin 
by fixing one of each type of coloring on the tetrahedron and by computing the 
group of all automorphisms of the tetrahedron which preserve the particular type 
of coloring. This is easy to do; the results are presented in the list below. S, 
is the symmetric group on four letters, and A., is the alternating group on four 
letters. 
Type subgroup of s, 
local S4 
heawood 4 
edge G + G. 
four-coloring identity 
Elements of S, 
all 
the even permutations 
identity, (12)(34), 
(WCW UW3) 
identity 
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It is interesting to note that the sequence of groups S, , A, , Z, + Z, , identity 
has the property that the successive quotients of the terms of the sequence are 
Abelian. We return to this point later in this section. 
Consider a local coloring on a surface K. There is a map, which we again call 
9, from vi(K) to S, which allows us to determine what sort of coloring might 
induce the local coloring. The construction is the same as in Section 1.4. The 
critical facts are (1) every local coloring is induced by a four-coloring in the 
neighborhood of a point; (2) a local coloring determines a four-coloring on any 
path of triangles. 
The definition of I/ for an even triangulation as given in Section I.4 can be 
considered to be a special case of # for a local coloring. To see this let K be an 
even triangulation. K determines a local coloring with all edges singular. # com- 
puted on this local coloring is what we formerly called the even obstruction map. 
If  we combine the map I/ with the information about the correspondence 
between the types of coloring and subgroups of S, , we get the following way to 
determine what sort of coloring can induce a local coloring: 
a local coloring is induced by a heawood coloring i f f  Image(#) _C A, ; 
a local coloring is induced by an edge coloring i f f  Image(#) _C Z, + Z, ; 
a local coloring is induced by a four coloring i f f  Image(#) = identity. 
I f  we return to Fig. 26 and use the coloring of the triangle marked 1, 2, 3 as 
the initial coloring of the base triangle, then to determine #, we need only give 
the value of I/ on the two generators of n1 (torus). Call the horizontal generator h 
and the vertical one V, 
edge coloring (Fig. 26a) 4(h) = identity, 
heawood coloring (Fig. 26a) w4 = (123), #(v) = identity 
local coloring (Fig. 26b) +(h) = UW, #(v) = (1234). 
For example, since the local coloring has odd permutations in the image of 1+5, 
this local coloring can be induced by no other kind of coloring. 
If  we are only concerned about whether a given type of coloring is induced by 
the coloring immediately above it, then the obstructions lie in the successive 
quotients of the sequence of automorphisms. Since these are Abelian, the map 
from r,(K) factors through H,(K), the first homology group of K with coefficients 
in Z. We therefore have the following obstructions to 
a local coloring being induced by a heawood coloring is a map H,(K) + Z, 
a heawood coloring being induced by an edge coloring is a map H,(K) -+ Z, 
an edge coloring being induced by a four-coloring isamapH,(K)--+Z,+Z,. 
The groups on the right are the quotients S4/AI = Z, ; A&Z2 + if,) = Z, ; 
(Z’, +&)/identity = Z, + E, . In the first and third case we can give explicit 
expressions for the obstruction. 
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I f  rr is a local coloring, define SW(T), the StiefJel-Whitney class of VT, to be the 
&-chain of all the singular edges of v. I f  k is an edge coloring, define the cochain 
t(k) with coefficients in Z, +- 7,) by setting t(k)(e) to be the color k(e), where e 
is an edge of the boundaryless triangulation K. Here we think of the three colors 
as the nonzero elements of k, + Z, . 
PROPOSITION 27 (1) If TT is a local coloring of K, SW(T) is an element of H,(K, 
Z,). 7 is induced by a heawood coloring i f f  SW(T) = 0 in H,(K, h,). 
(2) If k is an edge coZoring, t(k) is an element of Hl(K, il, + a,). k is induced 
by a four-coloring i f f  t(k) is zero. 
Proof. At a given vertex, the number of nonsingular edges has the parity of 
the degree of the vertex (Lemma 2). Consequently, SW(~) is a Z, cycle. Suppose 
that r is induced by a heawood coloring, and that X is the set of all positive 
triangles, The boundary of the 2-chain determined by X is exactly SW(~). The 
converse is now equally obvious. 
Part (2) is a well-known result in the case of the sphere. Suppose that we have 
an edge coloring k with colors a, b, c. Taking Q, b, c as the nonzero elements of 
h, + Z, , we see that a + b 1 c = 0. Consequently, t(k) is a member of the 
cohomology group Hl(K, H, + H,). I f  t(k) is a coboundary, there is a 0-cochain 
f  such that f  ( p> + f  (4 = t(k)(&) where Pq is an edge of K. f  takes on at most 
four values, and since t(k) is nowhere zero, no two adjacent vertices get the same 
“color.” The converse is immediate. 1 
The Stieffel-Whitney class and the map H,(K) ---f Z, are actualy closely 
related. Denote this map by 4. It was shown in Fisk (1973~) that the following 
relation holds, where n is the intersection of two cycles: (JZ) n SW(~) = $(x). 
In this equation, (x) is any element of H,(K, Z,). 
We end this section with two results about “removable singularities.” 
THEOREM 28. Suppose that j is an assignment of 1 or -1 to the triangles of a 
triangulation K of an arbitrary closed surface. If at all but one vertex p, the sum 
of the asszgnments around a vertex is zero module 3, then j is a heawood coloring. 
Proof. We give two proofs. The first is computational, the second topological. 
In the first proof, we show that the sum of the values around p is zero module 3. 
This follows from the equations: 
For the second proof, remove the vertex p from K and consider the map 4 
from rrr(K - p) to S, . We want to show that /J(Y) is the identity, where y  is a 
small circle around p. Sincej is a heawood coloring of K - p, $(a) E A, , for any 
loop 01 in K - p. In the group al(K - p), y  is a product of commutators, so 
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4(y) lies in the commutator subgroup of A, . This is easily seen to be Z, + H, . 
I f  we compute #(y) around p, the color assigned top is fixed, so G(y) fixes a color. 
The only element of Z, + Z, which fixes a color is the identity, so #(r) is the 
identity. 
THEOREM 29. Let k be an assignment cf colors a, b, c to the edges of K such 
that on all but at most one triangle (T), all th ree colors occur. Then k is an edge 
coloring. 
Proof. %‘e also give two proofs here. Take a, b, c to be the nonzero elements 
of H, + 7, . We have the following simple fact: if Z, y, z are choosen from a, 6, c 
(not necessarily distinct) such that x + y  + z = 0, then m, y, z are distinct. The 
theorem then follows from 
1 k(e) = c c k(e) = 2 C k(e) E 0. 
GET T’ PET’ 
For the second proof we calculate #(aT). It is a product of commutators, but 
the commutator subgroup of an Abelian groups is the identity. 1 
The theorems corresponding to Theorems 28 and 29 for four-colorings and 
local colorings are false: Four-coloring is easy; it is left as an exercise to find a 
decomposition of the edges of A2 x a A3 into two classes, so that at all but one 
vertex, the shaded edges are nonsingular edges of a four-coloring of the star of 
the vertex. 
IV.3. Generalizations of the Four-Color Problem. 
We consider the question of what kinds of colorings exist on arbitrary 
triangulations of surfaces. Since the sphere has a trivial fundamental group, the 
classical Four-Color Problem is a special case of such considerations, for in this 
case four-colorings, edge colorings, heawood colorings, and local colorings all 
induce one another uniquely. 
As soon as we consider non-simply-connected surfaces, we find that not all 
triangulations have a four-coloring. For instance, Fig. 26b has exactly seven 
vertices, each vertex joined by an edge to every other vertex. Consequently, there 
is no four-coloring. There are, however, edge colorings, heawood colorings, and 
local colorings. 
A B 
FIG. 2Ja. A triangulation of the projective plane (identify opposite vertices). 
FIG. 2Jb. A torus with two adjacent odd vertices. 
232 STEVE FISK 
If we consider triangulations of nonorientable surfaces, there are examples with 
not even a local coloring. We show later in this section that the triangulation of 
the projective plane in Fig. 27a has no coloring of any type. The dual of this 
triangulation is known to graph theorists as the Peterson graph, so we call it the 
Peterson triangulation. 
All hopes of generalization are not lost however, for there are no known 
examples of triangulations on orientable surfaces that do not have edge colorings. 
Isaacs (1975) constructed infinitely many triangulations which have no edge 
colorings, but Szekeres (1975) h s owed that none of them were orientable. Thus 
edge coloring provides a nice generalization of the four-color problem (see also 
Grunbaum, 1970). 
Generalized Four-Color Problem. Show that every triangulation of an orien- 
table surface has an edge coloring. 
We discuss generalizations to n-dimensions in Chapter VI. 
We would like to discuss a paradigm for studying the generalized four-color 
problem. Before we can do that, we must introduce an equivalent form of the 
problem. 
PROPOSITION 30. All triangulations of all orientable surfaces have edge colorings 
i# all even triangulations of all orientable surfaces have edge colorings. 
Proof. We must first describe the connected sum. Let K and H be 
two triangulations, with triangles (p, q, r) of K and (s, t, U) of H. The connected 
sum of K and H along these two triangles, denoted K # H, is formed by removing 
the two triangles from their respective triangulations, joining these new triangula- 
tions along the two holes by identifying edges pq with st, qr with tu, 
and rp with us. 
If  K and H are triangulations without a boundary, then for any choice of 
triangles, K # H has an edge coloring i f f  K and H both have one. This is a 
consequence of Theorem 29. 
Consider the triangulation H of Fig. 27b. It has exactly two odd vertices, and 
these are joined by an edge. We show that for any triangulation K there is a 
connected sum (... (K # H) #H) # ... # H) which is an even triangulation. 
K has an even number of odd vertices, so let p and q be odd vertices of K. Let 
p = p, , p, ... p, = q be a path joining p and q. For any edge e of the path pick 
a triangle T containing e. Form the connected sum with H, joining T with the 
shaded triangle of Fig. 27b, e being joined to E. If  we do this for all edges in the 
path, we get a triangulation with two fewer odd vertices. Performing this con- 
struction in turn for each pair of odd vertices eventually gives us an even triangu- 
lation. 
The proposition now follows from the fact that K has an edge coloring i f f  the 
iterated connected sum has an edge coloring. 1 
SURFACES AND HIGHER-DIMENSIONAL MANIFOLDS 233 
As a consequence of this result, we have a paradigm for studying the genera&d 
four-color problem: 
Step 1. Show that every even triangulation K has a local coloring. 
Step 2. Create a heawood coloring from the local coloring by studying the 
Zs obstruction H,(K) + Z, , 
Step 3. Create an edge coloring from the heawood coloring by studying 
the 7, obstruction H,(K) + Z, . 
Now step 1 is easy: there is a local coloring-take all edges to be singular. 
One would expect that step 2 is easier than step 3, for Z, is “unoriented,” while 
Z, carries all the difficulties of orientation with it. This is borne out by the 
observation that the obstruction from local to heawood has an easy description 
(Proposition 27), while the one from heawood to edge has no known easy 
description. 
We cannot solve step 2, but we are able to circumvent it using the following 
result due to Grotzsch (1958). (A simplified proof was given in Fisk (1975).) 
THEOREM 3 1 (Grotzsch). If K is an even triangulation of any closed surface, 
one can label the triangles with 1 or -1 so that the sum around each vertex is 
exactly zero. Thus, every even triangulation has a heawood coloring. 
We finish this section by showing that the Peterson triangulation has no 
coloring of any sort. 
PROPOSITION 32. Let r be a local coloring of a triangulation P of the projective 
plane, and let S be the double cover of P. The local coloring 57 lifts to a local 
coloring r0 on S, which is induced by a four-coloring f. Then the degree off is even. 
COROLLARY 33. The Peterson triangulation has no local coloring, 
Proof of Corollary 33. The double cover of the Peterson triangulation has all 
vertices of degree 5, and so is the icosahedron. If  the Peterson triangulation has 
a local coloring, then the icosahedron would have a coloring of even degree but 
(I, Problem 5) all four-colorings of the icosahedron have degree *3. 1 
Proof of Proposition 32. Consider the map #: Z-~(P) + S, . Since rrl(P) is Z, , 
the image of I/ is a group of order 1 or 2. Up to conjugation, there are three 
such subgroups of S, . I f  we let 7 be the image of the generator of vi(P), then 
we have the relation fu = rf, where o is the involution on the sphere corre- 
sponding to the covering. 
Case 1. Suppose that 7 is the identity. In this case, 7~ was induced by a 
four-coloring, so the four-coloring f  on the two opposite triangles (T and u(T)) 
use the same colors, but the orientations are different, so the degree is zero. 
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Case 2. 7 = (13)(24). By the above relation, we see that the opposite triangles 
again have opposite signs, so the degree is zero. 
Case 3. 7 = (12). Consider the set of triangles colored 123 byf. The involu- 
tion acts as a fixed-point-free involution on this set, so the degree off is even, 
by the definition of degree. 
IV.4. The Existance of Colorings on Surfaces after Subdivision 
We saw in the last section that triangulations of non-simply-connected sur- 
faces do not necessarily have four-colorings. Andrew Gleason once asked whether 
every surface with a sufficiently fine triangulation has a four-coloring. We have 
not dealt with the nonorientable case, but in the orientable case, Theorem 32 
below shows that this guess is correct, provided one interpretes “sufficiently 
fine” as meaning “under even subdivision.” 
THEOREM 32. If  K is a triangulation of some orientable surface, then there is 
an even subdivision of K that has a four-coloring. 
The proof depends on two lemmas. 
LEMMA 33. Every even orientable triangulation has an even subdivision with a 
four-coloring. 
LEMMA 34. Let K be a triangulation of an orientable surface, and let $ be the 
even obstruction map. There is an even subdivision K’ of K and a dish D’ in K’, 
such that O(K’) C D’ and #(aD’) is the identity. 
Proof of Theorem 32. Take a disk D’ of a subdivision K’ of K as given in 
Lemma 34. If  K” is the result of removing D’ from K’, then a neighborhood of 
the boundary of K” has a three-coloring, since # computed on the boundary of 
D’ is the identity. Using Problem 4, we can find an even disk D” to put in place of 
D’ so that the resulting triangulation L has all vertices of even degree. By Lemma 
33, there is a four-coloring f  of an even subdivision of L, and by II 
Problem 8, we may assume that the nonsingular part of this four-coloring does not 
intersect D”. 
Similarly, if we add D” to D’, we get a triangulation G of the sphere. 
By Corollary 13, there is a four-coloring of an even subdivision of G. Using 
II, Problem 8 again, we may assume that G has a four-coloring g whose non- 
singular part does not intersect D”. 
Since f  and g are both three-colorings in D”, we may assume that they are equal 
there. Thereforefandg combine to give a four-coloring of some even subdivision 
of K. 
Before we can get on to the proof of Lemma 33, we need a technical 
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LEMMA 35. If K is an even triangulation of a surface of nonzwro genus there is a 
simple closed curve y  of K which does not bound a disk, such that ;f  4 is the even 
obstruction map of K then #(y) = identity. 
Proof. We consider first the case of a triangulation of a torus. The funda- 
mental group of K-is generated by two curves, a meridian a and a longitude b. 
All the elements a, b, ab, a(b)-’ of the fundamental group can be represented by 
simple closed curves. Since TT~(K) is commutative, the two elements #(a) and #(b) 
of Ss commute. Up to conjugacy, the possible pairs of $(a) and #(b) are {id, id}, 
{id, (123)}, {id, (12)}, {(12), (12)}, {(123), (132)}, and ((123) (123)). For the first 
three pairs, either a or b may be taken for y. For the fourth pair, take ab to be y. 
For the last two pairs, take either ab or a(b)-l as y. 
FIG. 28. Handle form of a genus-two surface. 
Now suppose that the genus of K is greater than 1. Recall the handle form for 
K. If the genus is g, then we can construct K by cutting 2g holes in a sphere, and 
putting on g handles. Figure 28a is an example for g = 2. For the ith handle we 
have the basic simple closed curves ai and bi (Fig. 28a). We can also 
represent a,bia;‘b;l (the commutator) and a,bi , a,b;l as simple closed curves 
that do not bound a disk. The only two cases where the commutator of two 
elements of S, is nonzero are, up to conjugacy 
(4 (I2), (13) 
(B) W), (123). 
If we have a handle 2 with #(ai) = (12) and #(bJ = (13), then we can 
represent (123) and (132) as the images of simple closed curves. Since any other 
handle must have one of the pairs (A) or (B), we can find two cycles both repre- 
senting (123). If we join them by a narrow path, we get a simple closed curve as 
desired (Fig. 28b). The curve doesnot bound a disk as it has exactly one inter- 
section point with a meridian of the handle 2. 
We are thus reduced to the case where all handles are of type (B). A type (B) 
handle has two simple closed curves that represent two different transpositions. 
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Since there are only three transpositions in Ss , we can join the two equal ones 
of two distinct handles by a tube as in Fig. 28b. This completes Lemma 35. 
Proof of Lemma 33. We induct, on the genus of K. I f  the genus of K is zero, 
then K is a sphere, and an even triangulation of the sphere has a three-coloring. 
Now let K have genus g. Choose a simple closed curve y  as in Lemma 35. Since 
#(r) is the identity, a neighborhood of y  has a three-coloring, so we may choose 
y  to be two-colored. Now cut K along y. The resulting surface has either one or 
two pieces. Suppose that there are two pieces. By the choice of y, neither one is 
a disk. By Problem 4, we can adjoin an even disk to each of the pieces to create two 
surfaces each of smaller genus. They have a coloring by inductive hypothesis, 
and using II, Problem 8 we may assume that the nonsingular part misses this 
newly added disk. As in the proof of Theorem 32, we can join the two colorings 
of the two pieces back together. 
Consequently, we may assume that after we have removed y, we have a 
connected surface H. As above, we can add two even disks to this surface to create 
an even surface without boundary K”. Simple Euler characteristic computations 
show that the genus of K” is one less than that of K. 
Therefore, by inductive hypothesis, K” has a four-coloring after even sub- 
division. We may again assume that the nonsingular part of the four-coloring 
misses the two disks. 
This four-coloring f  on H is a two-coloring of each boundary component, 
but the two components might not use the same two colors. Suppose that p and 
q are two adjacent vertices of y  and that they correspond to points Y, s in one 
component C and Y’, s’ in the other component C’ of the boundary of H. I f  
f(r) = f(r’) andf(s) = f(~‘), h t en we can join the two boundaries together and 
get a four-coloring on a subdivision of the original K. We change f by changing 
along Kempe cycles parallel to the boundary to get to this case. 
Suppose f(r) = 1 and f(s) = 2. There are several possible colorings for Y’ 
and s’. For instance, suppose f (r’) = 1 and f(d) = 3. Moreover, assume that a 
neighborhood of C’ is colored with 1, 3, 4. Find a (1, 4) Kempe cycle parallel 
to C’ and change along it. The new coloring f’ has f ‘(r’) = 1 and f’(~‘) = 2. 
The other five cases are handled similarly. This concludes the proof of 
Lemma 33. 
Proof of Lemma 34. Let K be an arbitrary triangulation of an orientable 
surface. Let D be a disk that does not contain any odd vertices (we may have to 
evenly subdivide first). Enclose each of the odd vertices by tentacles Ai from the 
disk, as in Fig. 29a. If  we choose a base triangle for computing in K, then we 
have a path o in each tentacle around the odd vertex. $(u) is a transposition. 
Among any four tentacles, there must be two with the same transposition. 
If  these two are not consecutive, eliminate the intermediate tentacles, as shown in 
Fig. 29b. We can do this in order around the disk until there are exactly two 
tentacles left. Call the new tentacles so obtained Bi , for i = 1, 2,..., 272 and the 
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paths in the tentacles ui . I f  D” is D plus these tentacles, then if we compute 
#(aDo), we see that it is equal to the product of the #(uJ. Since the (cr(cri) are 
equal in pairs except for the last two, +(aD’) = +(a,,-,) z,h(a,,). 
A B 
FIG. 29. Tentacles and their rearrangement. 
We are thus reduced to the case of exactly two tentacles which we denote B 
and B’, with paths u and u’. We may assume that #(u) = (12) and #(a’) = (13). 
Decompose u into a path a from a point p in the base triangle of D to a vertex near 
the vertex enclosed by B, a loop b around the odd vertex, and then back along a. 
Suppose we choose a path c different from a path joining the same endpoints as a 
so that the composite path UC-’ is a simple closed curve. 
If  we set Y = #(cbc-‘), X = #(a&z-‘), and W = #(m-l), then the relation 
&c-l == (a~-~)-~(ab~-~)(uc-~) shows that Y = WXW-I. 
We next show that some handle has a nontrivial commutator. I f  not, then 
#(aDo) is the identity, for it is a product of commutators. As in the proof of 
Lemma 33, we saw that there were only two cases ((A) or (B)), and in either case 
we could find a simple closed curve 7 (which includes the arc u in it) such that 
#(T) = (123). Consider a new disk D’ with a tentacle corresponding to 7 - a in 
place of a. D’ is the desired disk, because t,h(aD’) = 4(-r) X$(T)-’ #(a’) = 
(123)( 12)( 132)( 13) = identity. This concludes the proof of Lemma 34. 
IV.5 Problems 
Problem 1. Let f:  G -+ H be a nondegenerate map, and let rr be a local 
coloring of H. Define TP on G by T’(E) = r(f(e)). Show that &’ is a local coloring 
of G. 
Problem 2. Let P be a triangulation of the projective plane, and let h be a 
heawood coloring of P. If  all vertices of P are even, then the number of negative 
triangles equals the number of positive triangles (under h). 
Problem 3. Let rr be a local coloring of K. Show that there is a triangulation 
K’ and a map f: K’ -+ K which is a covering projection such that the pullback 
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of the local coloring n is induced by a four-coloring on k;‘. What is the degree 
of this covering ? 
ProbEem 4. If  f  is a three-coloring of a circle P(n), prove that there is an even 
disk with a three-coloring F such that F restricted to the boundary is f. Hint: at 
most one interior vertex is necessary. 
Problem 5”. Show that every triangulation of a nonorientable surface has a 
four-coloring under subdivision. 
Problem 6”. Show that every triangulation of an orientable surface has an 
edge coloring. 
V. KEMPE STRUCTURES ON SURFACES 
This chapter is devoted to generalizations of Theorem 1: all four-colorings of 
an even sphere are Kempe equivalent. In Chapter II we removed the restriction 
“even,” and were able to get only incomplete results. In the present generaliza- 
tions, we always keep “even,” but there is a new aspect: an even triangulation 
may not necessarily have a three-coloring. We get different results depending 
on what the image of the even obstruction map is. 
In Section 1 we do not consider subdivision. We are able to show that “most” 
four-colorings are Kempe equivalent. We must either restrict the genus of the 
surface (Theorem 37), or the class of four-colorings that we consider (Theorem 
36). 
In Section 2 we consider four-colorings of an even torus, and we allow sub- 
division. W7e get a reasonable generalization (Theorem 43) of Theorems 8 and 9. 
In Section 3 we investigate the definition of Kempe equivalence for edge, 
heawood, and local colorings. In each case we find some invariants, roughly 
corresponding to the parity of a four-coloring (1.2). 
In Section 4, we give a fairly complete answer (Theorem 48) to the question: 
Given a type of coloring (edge, heawood, or local) and an even triangulation of 
the torus with # Im(#) equal to 1,2, or 3, describe the Kempe equivalence classes 
under even subdivision. 
V. 1. Three-Coloring and Kempe Equivalence of Four-Colorings 
In this section we study two generalizations of Theorem 1. In Theorem 36 we 
look at an arbitrary triangulation with a three-coloring, and show that a certain 
subclass of four-colorings are Kempe equivalent. In Theorem 37 we restrict the 
type of the surface and show that all four-colorings (of even “degree”) are 
Kempe equivalent. 
Let K be a triangulation of a surface with a three-coloring g, and let f be a 
four-coloring of K. Let F be the map g x f from K to A2 x a 43. If  K is a sphere, 
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then the map F is homotopic to a point, and F lifts to a map F’ from K to R(6) 
because R(6) is the simply connected covering triangulation associated to A2 x 
&la. The proof of Theorem 1 generalizes to arbitrary surfaces when the above 
homotopy condition holds. 
THEOREM 36. If k’ is a triangulation of a surface with a three-coloring g, 
let S be the set of all four-colorings f such that g x f :  k’ --f A2 x aA is homotopic 
to a point. Allfour-colorings in S are Kempe equivalent and have degree 0. 
Proof. Since every four-coloring f  lying in S lifts to R(6), all maps in S 
have degree 0, as in the proof of Theorem 4. We show that f is Kempe equivalent 
to a g with a fewer number of nonsingular edges than f, this will prove the 
theorem. 
Consider the nonsingular coloring of R(6). I f  we think of R(6) metrically, 
composed of equilateral triangles, then all the (i, j) edges go in one direction. 
A half-plane determined by one of the (i,j) lines is a Kempe region. 
Suppose F is a map K - R(6), a lifting of the mapf: K -+ A2 x ?A3. Define a 
new map G by reflecting F along L, one of the (i, j) lines. The inverse image of 
L in K under F is a Kempe cycle for f, and if we change along this Kempe cycle 
we get a coloringg of K. G is a lifting of g. This means that we can concentrate on 
maps to R(6). 
Choose any (i, j) line which contains an interior edge of the image of 
F: K--f R(6). Reflecting across this line gives us a new map G which has fewer 
interior edges than F. Continuing this process, we get a map F whose image has 
no interior edges. This coloring must be the three-coloring, so we are done. i 
I f  we take an arbitrary K with a three-coloring, then not all four-colorings may 
be Kempe equivalent. For example, consider A2 x aA3. There are 38 four- 
colorings of degree 0 and 1 of degree 6. All degree 0 colorings are Kempe 
equivalent, but the degree 6 coloring is not Kempe equivalent to any of the other 
38 colorings. 
In case the underlying surface is not too complicated, we can show that all 
the four-colorings with degree 6 even are Kempe equivalent. 
THEOREM 31. Suppose that K is a triangulation of the sphere, projective plane, 
or torus. If K has a three-coloring, then all four-colorings with degree divisible by 
12 nre Kempe equivalent. 
It is not a great restriction that 12 divides the degree of a four-coloring, for the 
existence of a three-coloring guarantees that 6 divides the degree (1.6, Problem 6). 
The proof of the theorem needs four lemmas. 
LEMMA 38. Let K be a triangulation of the torus, andfi K + A2 x aA3, a 
map of even degree. There exists a covering projection p: L + A2 x aA such that 
f hfts to L, and p has even degree. 
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LEMMA 39. Let L be a cowering space of A2 x aA with projection map p of even 
degree. If  , f  is the nonsingular coloring of L, then there is a nontrivial Kempe region 
off. 
LEMMA 40. Two disjoint, n~bou~ing, simple closed curves on the torus bound 
a region. 
LEMMA 41. Suppose that f is a four-coloring of the torus, and that j NS(f)l 
consists qf disjoint simple closed curves. Then f is Kempe equivalent to a g with 
either zero, three, or,four such curves. If  three curves then Im(#)(the even obstruction 
map) has two elements. If  four curves then #Im(#) = 4. If  zero curves, then the 
torus has a three-coloring. 
We first give a sketch of the proof, prove the lemmas in turn, and then prove 
the theorem. 
Lemmas 38 and 39 give a Kempe region R in a covering of A2 x aA3. The 
inverse image of R in K gives us a Kempe region R’ of K. Changing along R’ 
gives a coloring of K with fewer nonsingular edges. However, it is possible that 
R’ = K. In that case we show that ( NS(f)I is a collection of simple closed curves. 
An application of Lemma 41 finishes the proof. 
Proof ofLemma 38. First assume that deg(f) is nonzero. If  p is a covering map 
from L to A2 x 8A3 with a lifting f” off to L, then deg(f) = deg(f “) deg(p). 
Consequently, deg(p) is bounded by ldeg(f )I. Assume we have (L, p, f”) as 
above with deg(p) maximal. By the Lifting Theorem for covering projec- 
tions (Steenrod (1951)) if there is no lifting of greater degree, then 
f  “(nl(K)) = n,(L). Since any onto map from Z + Z to Z t- Z is an isomorphism, 
we see that g is an isomorphism in homotopy. Consequently, it is also an iso- 
morphism in homology, and so has degree 31. 
Thus, deg(f) = +deg(p), so as deg(f) is even, deg(p) is even. 
Next, if deg(f) = 0, then there is a lifting to either a cylinder or R(6). In 
either case, since K is finite, there is a quotient L’ of L such that f  lifts to L’ and 
the degree of the projection is even and finite. 1 
Before we can get to the proof of Lemma 39, we require a result due to 
Altschulter 
THEOREM (Altschulter (1971)). Let K b e a triangulation of the torus such that 
all vertices have degree six. Then K is one of the following triangulations T(r, s, t): 
In T(r, s, t), the top and bottom rows have r edges, the sides s edges (see 
Fig. 30). The two sides are joined as usual but the top and bottom rows are 
joined after shifting by t edges. In this notation, A2 x 8A3 is T(6, 2, 2). Here are 
some elementary facts about these triangulations. 
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FIG. 30. T(r,s, t). 
(1) T(r, s, t) has a three-coloring i f f  3 divides Y  and s + t - 1. 
(2) T(r, s, t) has a nonsingular four-coloring i f f  I, s, and t are even. 
(3) If  T(Y,  s, t) has a nonsingular four-coloring, then any horizontal line 
uses exactly two colors. Similarly this holds for vertical and diagonal (after 
shifting). 
(4) T(T, s, t) is a covering space of A* x W iff 6 divides Y, 3 divides 
s+t-1,andsandtareeven. 
(5) The degree of the above covering is rs/12. 
The validity of these remarks is easily verified: simply attempt to construct the 
desired coloring. The last part follows from the fact that the degree of the map 
is I /24 of the number of triangles of the triangulation, which is 2~s. 
Proof of Lemma 39. Suppose that T(Y, s, t) is a covering of A* x aA3. Ifs > 2, 
then a horizontal strip of width 2 will do for the Kempe region. Next, consider 
the vertical edges colored (i, j). I f  they form more than one cycle on the torus, then 
there is a region as desired. If  there is only one cycle, then t and Y  have only a 
factor 2 in common; gcd(t, I) = 1. Considering the diagonal cycles, we must 
have gcd(t $- s, Y) = 2. Together, these conditions entail that gcd(r, 4) = 2. 
Consequently, rs/12 is odd and so by remark (5) above we are done. 
Proof of Lemma 40. If  we cut out one curve, a Euler characteristic computa- 
tion shows that the surface must be a cylinder. The only nonbounding simple 
closed curves on the cylinder go once around it, so the two curves are homo- 
logous and bound a region. 
Proof of Lemma 41. Let f be a four-coloring of K with ( NS(f )I composed of 
disjoint nonbounding simple closed curves. If  two of the curves use the same pair 
of colors, then by the last lemma they bound a region, so we may change along 
it and eliminate them. Consequently, there can be at most six curves. If  we 
consider a region between two curves, we see the boundary curves each use a 
pair of colors. Consequently, if two regions use the same three colors, then there 
is a pair of curves using the same two colors. 
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Thus, there are at most four regions. If  there is just one region, then there 
are no nonsingular curves at all. In this case, the coloring f is the three-coloring. 
If  there are exactly two regions, then either region is a Kempe region, so we are 
back to the case of one region. 
Assume that there are three regions determined by 1 NS(f)l. Up to permuta- 
tion, the colors must be (1, 2, 3), (1, 2, 4), (1, 3, 4). We compute Im(#). Pick a 
triangle in the (1, 2, 3) re ion and color it as f does. Let y  be a cycle transverse g’ 
to the curves of 1 NS(f )I. As we cross into the (1, 2, 4) region, the value of the 
three-coloring extended along y  differs from f by the permutation (34). As we go 
on to the region (1, 3, 4) we get the permutation (23)(34), and as we return the 
difference of the coloring extended along y  and the original coloring is 
(24)(23)(34) = (23). S’ mce the possible images of Z + Z in S, are Abelian groups 
of order 1,2, or 3, the image in this case has two elements. 
The same type of computation for four regions leads to the permutation 
(14)(21)(32)(34) = (132) so the image has three elements. This concludes the 
proof of Lemma 41. 1 
Proof of Theorem 37. If  K is a sphere or a projective plane, then Theorem 37 
follows from Theorem 36. Consequently, let K be a triangulation of the torus 
with three-coloring h. Let f be a four-coloring of K with deg(f) divisible by 12. 
Let F be the map hf from K to A2 x &13. Since the degree of the projection 
from A2 x &13 to &I3 is 6, deg(F) is even. Applying Lemma 38, let p: L -+ 
da x &I3 be a covering projection and F” the lifting of F. 
Let g be the nonsingular coloring of L. By Lemma 39 there is a Kempe region 
R of L. Assume that the boundary of R is colored with (1, 2) and that R is 
connected. Since L is a covering space of .42 x &13 it is clear that R may be taken 
to be a strip of width 2. The inverse image of R under F” is a Kempe 
region R” of K, and the boundary of the inverse image consists of nonsingular 
edges off. I f  R” is not all of K then we can change along R” and get a coloring 
with fewer nonsingular edges. If  R” = K then it is easy to see that all the (1, 2) 
edges of K are singular. 
There are parallel strips to R whose boundaries are colored (3,4). We can also 
change along these Kempe regions, so we may assume that the coloring f has no 
nonsingular (1, 2) or (3,4) edges. 
Let us consider a vertex colored 1, say. There must be an even number of 
nonsingular (1, 3) edges followed by an even number of nonsingular (1,4) edges 
followed by an even number of nonsingular (1,3) edges and so on. We ignore the 
singular edges. Let us pair off adjacent nonsingular edges with the same colors so 
that at any vertex all edges are paired up once. If  there are two types of non- 
singular edges then there is a unique way of pairing. (Fig. 31). 
I f  we were to pull apart the adjacent paired edges, we would get a collection of 
disjoint cycles. Any cycle bounding a region determines a Kempe cycle off, 
so we can assume none of these cycles bound. We can apply Lemma 40 to see 
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that all the curves are homotopic. By Lemma 41, if we cannot reduce to the case of 
no cycles, then Im(#) is not the identity. Since K has a three-coloring, Im(#) is 
the identity, and so we are done. All four-colorings are equivalent to the three- 
coloring. 1 
FIG. 31. Pulling edges apart. 
V.2. Kempe Equivalence of Four-Colorings under Subdivision 
In the last section we studied the structure of four-colorings of the 
torus without using any subdivision. If  there is a three-coloring, we were able 
to show that all four-colorings with degree divisible by 12 were Kempe equiv- 
alent. In this section we return to the viewpoint of Chapter II and investigate the 
structure of four-colorings of an even torus after subdivision. 
We would like to follow the proof of Theorem 8 (reduction of a coloring.) 
I f  we could follow it, we would end up with an akemplic triangulation. Recall 
that we call a triangulation K akempZic if K has a four-coloring with all edges 
nonsingular, and under this coloring there are no Kempe regions. 
LEMMA 42. If  K is an akemplic even triangulation of the torus, then K is 
T(2r, 2, 2t) with gcd(r, t) = 1. If  f  is th e nonsingular coloring, then deg(f) = 6 
(mod 12). 
Proof. I f  all edges are nonsingular, then 3 divides the degree of every vertex. 
Since K is also even, 6 divides the degree of every vertex. By III, Problem 4, 
every vertex must have degree exactly 6. Consequently, K is of the form ?“(a, b, c). 
We cannot use Lemma 38 because K might not have a 3-coloring. By Remark (2) 
following Altschulter’s theorem in the last section, a, b, c are even. Put (I = 2~ 
and c = 2s. As in the proof of Lemma 38, s is 2. I f  gcd(r, t) is greater than 1, then 
there are Kempe regions. That the degree is 6 (mod 12) follows from Remark (5) 
of the last section combined with the fact that the degree of the projection 
A2 x &13-+&13is6. 1 
Let K be an even triangulation of the torus. 
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THEOREM 43. (A) If  K has a three-coloring, then all four-colorings of degree 
divisible by 12 are Kempe equivalent. 
(B) If  K has exactly one global color, and if f  is a four-coloring, then .f is 
Kempe equivalent under subdivision to an f” with j NS(f “)I consisting of three 
disjoint simple closed curves. All f  a in the same homotopy class are Kempe equivalent. 
(C) If  K has a heawood coloring, and no three-coloring, then all four-colorings 
fare Kempe equivalent under subdivision to either T(2r, 2, 2t)(gcd(r, t) = 1) or to 
an f  o with 1 NS(f “)I consisting of four disjoint simple closed curves. All f  0 in the 
same homotopy class are Kempe equivalent. 
Proof. (A) is just Theorem 37. 
Let f  be a four-coloring of an even triangulation K of the torus. If  we follow 
the steps of the proof of Theorem 8 the only difference is that we might get an 
f” with NS(f “) containing a curve which doesnot bound. Thus f either reduces 
to an akemplic triangulation or several disjoint simple closed curves. 
Recall that Im (#) has two elements i f f  there is a global color (1.4). Im(#) has 
three elements i f f  there is a heawood coloring (and there is no three-coloring.) 
We may therefore apply Lemma 41 to conclude that if f  is equivalent to an f” 
with 1 NS(f”)l consisting of simple closed curves, then there are either three or 
four of them. Clearly any two f” and f’ with simple closed curves in the same 
homotopy class are Kempe equivalent. 
I f  we consider the triangulations T(a, 6, c) we see that there is no such triangu- 
lation with exactly one global color. This shows that in case (B), we only get 
simple closed curves. This concludes the proof. 
Let us define SW(K) to be the &-chain of all edges of K. If  K is even, this is a 
&cycle. In case (B), we claim that the &-homology class of any of the simple 
closed curves is SW(K). Let x be any one of the simple closed curves. We have 
that sw(f) = 0, since f  is a four-coloring (Proposition 27). Consequently, 
SW(K) =I sw(f) + NS(f) = NS(f) = 3x = x. 
V.3. The Definitions of Kempe Equivalence 
We begin with the ways we can define Kempe equivalence for the various 
different types of coloring. We recall the idea for four-colorings: two colorings 
are Kempe equivalent if we can write the surface as a union X U Y, where X n Y 
is contained in the boundaries of X and Y, so that the two colorings agree on X 
and Y (up to a permutation of colors). This is our guide in the definitions for the 
other kinds of colorings. 
We say that two edge colorings are Kempe related if there is a region R of the 
surface such that the two colorings agree outside R, and on R differ by a permuta- 
tion of the edge colors. It follows that the boundary of R must be colored with 
just one edge color, and that the other two colors are permuted in R. We call a 
region R an edge Kempe region if its boundary is one-colored. There is a special 
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case of this in common use for edge colorings. An alternating cycle is a closed 
path of triangles such that any two adjacent triangles have one of two edge colors 
in common. A new edge coloring is obtained by exchanging the two colors in the 
cycle. Clearly such an alternating cycle is an edge Kempe region, and conversly 
every edge Kempe region is a union of alternating cycles. 
The definition of Kempe equivalence for heawood colorings is also clear. A 
heawood Kempe region is a region R of a surface so that under a heawood coloring, 
the sum of the values of the triangles at a boundary vertex is zero modulo 3. We 
get a new heawood coloring by changing the sign of all the triangles in R. 
In the case of local colorings there are two different ways of getting new 
colorings from old. The first is modeled on the above. A local Kempe region 
(for a local coloring rr) is a region R such that under the local coloring, only two 
colors are used at any vertex of the boundary. In other words, the boundary of 
R is locally two-colored. A new local coloring is obtained by changing all the 
boundary edges of R from singular to nonsingular and vice versa. 
If we consider this definition, we see that just the boundary is used to create a 
new local coloring and not the interior of the region. We make the definition: 
A local Kempe cycle is a Z, cycle of a triangulation such that with respect to a given 
local coloring, it is locally two-colored. That is, in the neighborhood of any vertex 
of the cycle, only two colors are used to color the vertices of the cycle in the 
neighborhood. It should be clear that the boundary of a local Kempe region 
induces a local Kempe cycle, but the converse is of course not true, for an 
arbitrary cycle need not bound. Changing all nonsingular edges of a local Kempe 
cycle to nonsingular and vice versa gives a new local coloring. 
It is a good exercise to check that ifJ is a four-coloring of a region D whose 
boundary is two-colored and iff induces an edge coloring on the region, then the 
region is an edge Kempe region for that edge coloring. Similarly, an edge Kempe 
region induces a heawood Kempe region, and a heawood Kempe region induces a 
local Kempe region. 
The converses of these implications are not true in every case. If we have a 
heawood coloring of D and if the local coloring induced on D makes D into a 
local Kempe region, then D is a heawood Kempe region. None of the other 
implications are true in general. 
We now discuss the invariants of the various colorings. That is, what may we 
associate to each coloring that only depends on the Kempe equivalence class ? 
We work backwards, and begin with the invariants of local colorings. With 
respect to the equivalence relation generated by local Kempe cycles, there are no 
known invariants. 
So consider next the equivalence relation generated by local Kempe regions. 
Recall (IV.2) that we defined the Stieffel-Whitney class of a local coloring rr to 
be the Z, chain of all the singular edges. If rr is defined on a surface M, then 
SW(~) is a member of H,(M, aM, Z,). If we change n to another local coloring n’ 
using a local Kempe region R, then the relation between SW(~) and sw(m’) 
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is simple: SW(V) + sw(rr’) = i3R. If M is a closed surface then the class of SW(V) 
is invariant as a member of H,(M, Z,). 
There is another invariant for local colorings under local Kempe region 
equivalence. If n is a local coloring, let puir(rr) denote the parity of the number of 
nonsingular edges of r. We claim that this is an invariant. To show this, it 
suffices to show 
LEMMA 44. Let R be a region, TI a local coloring of R, and suppose that z locah’y 
two-colors the boundary of A. Then the boundary of R has an even number of edges. 
Proof. Consider the map 4: nl(R) ---, S, induced by the local coloring T. 
If y is a path in the fundamental group representing the boundary of R, then y 
is a product of commutators. If we compute #J(Y), we see that for each component 
C of the boundary, we get #C transpositions. So the sign of #(y) is (-l)#sR, 
but this is also the sign of a product of commutators. Consequently, the number 
of boundary edges is even. 1 
Let us compute some examples of the invariant pair (.). If we consider 
X(3, 3,0) and take all edges to be nonsingular, we get a local coloring with pair 
(n) = 1. If we consider the local coloring QT of any even triangulation (in partic- 
ular X(3, 3, 0)) with all edges singular, we get that pair (r) = 0. Thus the 
invariant pair (.) may take on both values, even on the same triangulation. 
We next consider heawood colorings. What are the invariants of the local 
coloring associated to a heawood coloring ? The Stieffel-Whitney class is identi- 
cally zero, so it reveals nothing (Proposition 27). However, the invariant pair(.) 
still takes both values. Indeed, the two examples of the last paragraph are induced 
by heawood colorings. We may interprete pair (.) in terms of heawood 
colorings as follows: 
Let h be a heawood coloring, and P the number of positive triangles. 
Then pair (n) + P = E (mod 2) w h ere ?T is the induced local coloring 
and E is the number of edges (or vertices) of the triangulation. 
We first note that the parity of P is well defined, for the number of negative 
triangles + P is equal to the total number of triangles. Now three times 
P counts all the edges of positive triangules. Every singular edge is counted 
once, and a nonsingular edge twice or not at all, so P = S, where S is the number 
of singular edges of n. So pair (m) + S equals the number of edges of the triangu- 
lation; mod 2, this is the number of vertices. 
As far. as edge colorings go, we know of no more than the invariants induced by 
the associated local coloring. For four-colorings, pair (e) is no longer an 
interesting invariant. In fact, if f is a four-coloring inducing the local coloring n, 
then pair (n) = 0 (mod 2). To see this, consider the set S of all triangles colored 
I, 2, 3. This counts each nonsingular (1,2) edge once, and each singular (1, 2) 
edge twice, so S is the number of nonsingular edges colored (1, 2). But #S has 
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the same parity as the map f. Since there are six different pairs of colors, the 
number of nonsingular edges is 6 deg(f) = 0. 
Thus, the only invariant we know for four-colorings is the parity of a map. 
In the case of even triangulations of the sphere, even this is zero. 
We list the invariants of Kempe equivalence in 
PROPOSITION 45. (1) SW(T) is an inoariant of local colorings with values in 
H,(K, Z,). I f  v  is induced by a heawood coloring, SW(~) = 0. 
(2) Pair (7~) is an invariant of local, heawood, and edge colorings with values 
in Z, . I f  rr is induced by a four-coloring, pair (n) = 0. 
(3) Theparity of the degree of a four-coloring is an invariant. If the triangula- 
tion is even, the parity is even. 
We conclude this section by using the idea of the alternating paths determined 
by a four-coloring to prove a result about the existence of akemplic triangulations 
(see Chapter II). 
PROPOSITION 46. Let G be a triangulation of the sphere, and let G” be its 
minimal even cover (Sect. 1.4). I f  G is akemplic and 3 does not divide the degree of 
the nonsingular coloring of G, then G” is also akemplic. 
Proof. Consider the nonsingular coloring on G”, and let it induce an edge 
coloring. We first show that G” has exactly six alternating paths. Since G 
is akemplic, it has exactly three alternating paths under the nonsingular edge 
coloring. Let L be one of these paths, and let us compute /J(L), where 4 is the 
even obstruction map. The number of triangles in the path is the number in G, 
which is 4d, where d is the degree of the nonsingular four-coloring. If  we consider 
Fig. 32, we see that after we go four triangles along L, we get the permutation 
(132). Consequently, I/(L) = (132)d. S ince d is not divisible by 3, the order of 
Z/(L) is exactly 3. In the lifting to G”, L lifts to 6/3 = 2 cycles (one of each 
orientation), so the nonsingular coloring on G” has exactly six alternating paths. 
I 2 1 
/iTJy7\ 
3 4 3 4 
FIG. 32. Computing I/. 
We now show that if H is a triangulation with a covering map to 42 x &Is, 
and if this map F has less than eight alternating paths (as the induced edge 
coloring), then His akemplic. Observe that A2 x &l3 has six alternating paths, 
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and their pull backs to H give rise to six alternating paths. If  we have a (I, 2) 
Kempe region, then the pullbacks in the region of the alternating paths parallel 
to the (1, 2) Kempe cycle in A2 x &13 cannot meet the pullbacks outside the 
region, so there are at least eight alternating paths. 
We conclude that G” is akemplic, because it has exactly six alternating paths. 1 
V.4. Subdiwision, the Torus, and the Other Types of Coloring 
In Section 2 we determined a canonical form for four-colorings of the torus 
under even subdivision. In this section we give reductions to a canonical form for 
the other types of colorings of a torus under even subdivision. The results are 
similar to (II. 2, Theorem 9). As in Section 2, the determination of akemplic 
triangulations is quite easy (see Lemma 42). We first extend the definition of 
akemplic to the other kinds of colorings. A triangulation is akemplic (for a given 
type of coloring) if there is a coloring of that type having all edges nonsingular, 
and under that type of coloring there are no Kempe regions of that type. 
LEMMA 47. (1) Suppose that K is an akemplic triangulation of the torus for 
any coloring other than four-coloring. Then K is of the form T(Y, I, t) with gcd(r, t) = 
gcd(r, t + 1) = 1. 
(2) If z is an akemplic edge, heawood OY local coloring of the torus, then pair 
(7r) = 1. 
Proof. As in the proof of Lemma 42, we know K is some T(Y, s, t). For edge, 
heawood, and local colorings, a horizontal strip of width 1 is a Kempe region of 
T(Y,  s, t). Thus s is 1. The condition that there be just one vertical or diagonal 
strip of width one is that gcd(r, t) = gcd(r, t + 1) = 1. As for (2), we see r is odd, 
and pair (n) is the number of edges of T(Y, 1, t) which is equal to 3~. fl 
This lemma says that if we concern ourselves with colorings m with pair(r) 
even, then no akemplics will turn up upon reduction to a canonical form. If  we 
start with some sort of coloring, and attempt to reduce it as in the proof of 
Theorem 8, it is easy to see that the arguments go through. Consequently, 
we may reduce the original coloring to anfwith INS(f)1 a collection of disjoint 
homotopic curves on the torus. We see as in Section 2 that any two reductions to 
curves in the same homotopy class are Kempe equivalent under even subdivi- 
sion. We express this by saying “homotopy classes in X, y  curates.” This means 
that all colorings of the type under consideration are Kempe equivalent under 
subdivision to a coloring with y  disjoint, nonbounding, simple closed curves, 
each one with Z, homology class X. 
THEOREM 48. Let K be an even triangulation of the torus. 
(1) All colorings are Kempe equivalent under subdivision if we are considering 
(a) edge colorings and # Im( 4) = 1, (b) h eawood colorings and #Im(#) = 1 OY 3, 
(c) local colorings with sw(loca1 coloring) = SW(K). 
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(2) We get “homotopy classes in SW(K), 1 cycle” in case of (a) edge colorings 
and # Im($) = 2, (b) heawood colorings and # Im(#) = 2, (c) local colorings T 
with SW(T) z SW($). 
(3) In the case of edge colorings and # Im(#) = 3, ze get “homotopy classes, 
2 curves.” 
Proof. FVe discuss edge coloring first. Suppose that we have a coloring with 
the nonsingular part consisting of y  cycles. If  there are more than the three 
cycles, then two are the same color, and we may Kempe change along the cycle. 
So we may assume either 1, 2 or 3 cycles. If  there are no cycles, then the local 
coloring with all edges singular is an edge coloring. We claim that this implies 
that K has a three-coloring and # Im(#) = I. Indeed, color a vertex the color 
that is not used by the edges meeting it. 
Suppose / NS(n)I consists of one cycle, where r is the edge coloring. If  we 
compute 4, it is clear that it is a transposition, so we are in the case # Im(#) == 2. 
If  there are two cycles, we get the product of two distinct transpositions, which 
is in the alternating group, so # Im(#) = 3. Suppose there are three cycles. We 
see that this edge coloring is induced by a four-coloring by computing 4. 
Suppose that 1 NS(a)l is one cycle. Its homology class is SW(M), because 
SW(T) A ns(sr) = SW(M) and if r is an edge or heawood coloring, SW(~) = 0 
(Proposition 27). 
We now go on to heawood colorings. If  there are two cycles, then they bound a 
Kempe region, so there can be at most one cycle. If  exactly one, then we see the 
all singular edge coloring of K cannot be a heawood coloring, so we must have 
# Im($) = 2. In the other two cases, all cycles reduce to the all singular coloring. 
The same argument works for the local colorings, so we are done. 1 
Recall that there was another kind of Kempe change that we could use in the 
case of local coloring, namely, changing along local Kempe cycles, irrespective 
of whether or not they bound. Since every akemplic triangulation has local 
Kempe cycles under the nonsingular coloring, and every simple closed curve 
which is a component of 1 NS(rr)I . 1s a iocal Kempe cycle, we see that all local 
colorings are equivalent with this definition. 
THEOREM 49. All local colorings of an even torus are equivalent under the 
equivalence relation generated by changing along local Kempe cycles and even sub- 
division. 
This result shows why we could not find any invariants for such changes. 
If  we do not allow even subdivision, Theorem 49 is false for surfaces other than 
the torus. We give a marvelous example of a locally-6 triangulation of a surface of 
genus 2 whose nonsingular local coloring has no local Kempe cycles at all. Under 
the relation of changing along local Kempe cycles, there must be at lea& two 
equivaIence classes. 
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The triangulation K is given in Fig. 33. Edges AB are identified with DC, 
BC with ED, FE with GH, and GF with HA. All vertices are of degree 6 except 
for one of degree 18; k. By III, Problem 4, K has genus 2. We define some curves 
lying in K. All the curves are described in terms of the planar figure. P, is the two 
edges between A and B, Pz the edges from B to C, P3 the edges from E to F, 
P4 the edges from F to G, Ps the edges from A to F, P, the edges from B to G, 
P, the edges from B to E, P, the edges from C to F, and P9 all the other edges. 
FIG. 33. A very akemplic genus-two surface. 
The curves meeting K in order are: 
1, 5,4, 5, 8, 3, 6,4, 9, 3,7,2,7, 6, 1,8,2, 9 
1, 2, 3, 1, 2, 3, 1, 2, 3, 1,2, 3, 1,x 3, 1,2, 3, 
where we write i for Pi in the first line. The second line is the three-coloring of 
the link of k. All cycles except Pg are Kempe cycles at all points except k. For 
instance, if P4 were a Kempe cycle at K, then both occurrences of 4 in the first 
row must have the same coloring in the second row, but this is not the case. 
If  there were a region R which was a Kempe region, then its boundary must 
consist of some of the Pi’s, except P, . (We remark that P9 is connected, and all 
edges joined through a path which is locally a Kempe cycle, but it intersects 
itself.) Two adjacent Pi’s which lie in the boundary of R must have the same 
color where they meet. A tedious analysis shows that this condition at k is only 
met by P5 and P, or P7 and P, , but both these pairs intersect in the interior of k’. 
Consequently, K has no local Kempe cycle nor any Kempe region. How more 
akemplic could a coloring be ? 
5. Problems 
Problem 1. If  K is a triangulation of an orientable surface, show that f has 
Kempe cycles, for any four-coloring f of K. 
Problem 2. Give an example of a heawood Kempe region which is not an 
edge Kempe region. Do the same for edge Kempe region and Kempe region. 
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Problem 3. If  T is a torus, and f a four-coloring of T such that 1 NS(f)l 
consists of disjoint simple closed curves, then the degree off is 0. I f  T is an 
arbitrary surface, then the degree is divisible by 6. 
Problem 4. Let h be a heawood coloring of a surface, and let h determine a 
local coloring n. Suppose that h has p positive triangles and n negative triangles. 
Show that pair(r) = (p - n)/2 (mod 2). 
Problem 5. Determine all the colorings of A2 x a.&. 
Problem 6. Let G” be the minimal even cover of a triangulation G of the 
sphere. If  G and G” are akemplic, then the degree of the map from G” to G is odd. 
Problem 7. Suppose that P: K + H is a map between two surfaces, and thatf 
is a four-coloring of H. Show that if p 0 f is akemplic, then f is akemplic. 
Problem 8. If  K is a triangulation of an annulus and if K has a three-coloring, 
then all four-colorings are Kempe equivalent. I f  K is merely even, then all four- 
colorings are Kempe equivalent under even subdivision. 
Problem 9. Let R be a triangulation of the plane which has a three-coloring. 
Show that any two four-colorings are Kempe equivalent. 
Problem 10. Find a locally 6 triangulation which has a global color but no 
three-coloring. 
Problem 11. What is the result corresponding to Theorem 43 for the projec- 
tive plane ? 
Problem 12”. Let K be a locally 6 triangulation of a surface of genus g. 
Suppose that K has the following property: let r be the local coloring with all 
edges nonsingular. Suppose that if C is a simple closed curve on K which is a 
Kempe cycle under r at all but one vertex, then it is a local Kempe cycle. Show 
that K has an edge coloring. Is there a classification theorem for such triangula- 
tions ? 
Problem 13”. I f  K has a three-coloring, are all heawood colorings equivalent 
with respect to changes along heawood Kempe regions ? In general are local 
colorings with the same Stieffel-Whitney class and parity equivalent under local 
Kempe region changes ? 
Problem 14”. Suppose that K is a triangulation of a surface, and f is a four- 
coloring such that there are no Kempe regions. Does K have less than eight 
alternating paths under f? 
Problem 15”. Suppose that (1) p: G --f H is a covering projection of degree 2, 
(2) G has a three-coloring, (3) H has a nonsingular four-coloring which is 
akemplic, (4) the nonsingular four-coloring on G is not akemplic. Prove that 
H has a three-coloring. 
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Problem 16”. Let f  be a nonsingular map from k’ to A2 x aA3. If  K is an 
akemplic triangulation, then the degree off is odd. 
Problem 1 I”. Find a triangulation of the torus with two four-colorings f and 
g such that NS(f) (resp. ( NS( g)\) consists of four disjoint nonbounding simple 
closed curves, each curve in the homology class X (resp. Y), and X is different 
from Y in H,(K, Z,). 
Problem 18” (Localization). Iffandg are two four-colorings of a surface such 
that for all disks D contained in some subdivision of the surface, the restrictions 
off and g to D are Kempe equivalent, then are ,f and g Kempe equivalent under 
subdivision ? 
Problem 19”. Let K be an even triangulation. Does every element of H,(K, 
Z,) occur as SW(~) for a local coloring = of K. Is the number of local colorings 
with a fixed Stieffel-Whitney class congruent to 0 modulo 4 ? 
Problem 20”. Generalize some of the results of Section III to the various types 
of colorings on an even torus. If  K is an locally 6 triangulation of the torus, is the 
number of four-colorings with degree divisible by 12 even ? Here are some 
computational results: 
Triangulation T(4, 3,O) T(62, 2) T(3,3,0) 
Number of four-colorings 3 39 10 
Number of edge colorings not induced 
by four-colorings 43 45 10 
Number of heawood colorings not 
induced by edge colorings 57 333 18 
Local colorings with SW(~) = X 32 148 40 
Local colorings with SW(~) = Y 84 148 40 
Local colorings with SW(~) = 2 40 148 40 
If a local coloring is not induced by a heawood coloring, then its Stieffel- 
Whitney class is nonzero. We denote the nonzero elements of H,(Torus, Z,) by 
x, Y, z. 
VI. COLORING IN HIGHER DIMENSIONS 
This chapter is concerned with the generalizations to n-manifolds of our 
previous results about 2-manifolds. The first section contains the basic ideas: 
coloring, Kempe equivalence, degree, singular-nonsingular, even triangulations. 
We generalize Theorems 1 and 4 to simply connected manifolds. 
Section 2 introduces the “odd part” O(M) of an n-manifold M. M is even if f  
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it has no odd part. M is most interesting when O(M) is a manifold. After a few 
general results, we study the case of M a 3-sphere and O(M) two l-spheres. 
The third section introduces the generalization of even subdivision (Chapter 
II). We continue the investigation of the 3-sphere begun in the last section. 
The main result (Proposition 63) of the section is that under certain topological 
conditions on the pair (O(M), M), Mn h as an even subdivision with a coloring 
(compare Corollary 13). 
The next section studies the case of O(S3), a circle in the 3-sphere S3. We show 
that any knot can be realized as the odd part of a 3-sphere (Theorem 64); every 
such S3 has a 5-coloring after even subdivision (Theorem 65); and every such S3 
has a canonical form for its colorings (Theorem 66; compare Theorem 8). 
VI. 1. CoZorin~ 
In this first section we study the basic properties of colorings of n-manifolds. 
Suppose that M is a triangulated n-manifold. A coloring of M is a map from M 
to a d”-+’ which is simplicial and maps n-simplices to n-simplices. Here, a d” r1 
is the boundary of the n-simplex An, and has n + 2 vertices. In the more tradi- 
tional mode, we may equivalently label each vertex of ill with one of 71 + 2 colors 
such that if two vertices of Ni are joined by an edge, then they have different 
colors. We have previously studied the cases 11 = 1 (three-coloring the circle) 
and n = 2 (four-coloring 2-manifolds). 
I f  M is an n-manifold, an n - 1 simplex is called a codimension l-simplex 
(written codim 1) or a face. An n - 2-simplex is a codimension 2-simplex. An 
n-simplex we call a top-dimensional simplex or a top simplex. If  f  is a coloring of 
M, we define a codim l-simplex to be nonsingular if the two top simplices 
containing it map to different top simplices of a An+l. Otherwise we say the codim 
l-simplex is singular. The set of all nonsingular codim 1-simplices is denoted 
NS(f ), and agrees with the definition previously given for 12 equals 1 or 2. 
A coloring with n + 2 colors is the generalization of a four-coloring. The 
generalization of a three-coloring is a coloring using n + 1 colors. We call f  a 
gZobaZ eaen coloring if f  is a coloring using only n + 1 vertices (colors). Since a top 
simplex of a connected manifold has n + 1 vertices, there is at most one global 
even coloring (up to automorphisms of a Anfl). A global color of a connected 
triangulation M” is a set S of vertices of M so that any top simplex of 
M has exactly one member of S in it. Any two global colors are either identical 
or disjoint. Mn can have at most 71 f  1 global colors. 
Ifs is a simplex of Mn, Iet the number of top simplices containing s be denoted 
p(s, M). Ifs is an r-simplex, the link of s in M, denoted lnk(s, M), is the 71 - Y - 1 
complex consisting of all simplices (J of M such that (T and s are contained in a 
simplex, and o and s are disjoint. 
I f  s is an interior codim 2-simplex, then the link of s is a circle. I f  M has a 
global even coloring, then this circle is two-colored. We call a triangulation even 
if every interior codim 2-simplex s has p(s, M) even. We just observed that if M 
w/2s/3-5 
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has a global even coloring, then M is even. The converse is of course false. 
Topologically, the link of an interior r-simplex is an n - Y  - 1 sphere. If  M is 
even, then all the links of interior simplices are even spheres. 
A Kempe region of a coloringf of M is a region R (a union of top-dimensional 
simplices) such that the boundary of R uses only n colors. Using R we may 
create a new coloring g of M by setting g equal to f  on R and equal to uf on 
M - R, where u is the permutation which interchanges the two colors not on the 
boundary of R. This agrees with the definition of Kempe region given in Section 
1.1. 
If  M is a closed manifold (oriented and without boundary) then we can define 
the degree of a coloringf, written deg(f), as the topological degree of the map f  
considered as a map between the two closed manifolds M and a An+‘. Compare 
Section 1.2. Modulo 2, deg(f) is the number of top simplices of M which do not 
contain a given color. Here are some simple facts about the degree. 
LEMMA 50. Let M” be an oriented n-manifold without boundary. 
(1) If f is a coloring, and n is odd, then deg(f) E t, where t is the number of 
top simplices of M. t may be either even OY odd. 
(2) If n is even, t as above is even, and deg( f ) may have any parity. 
(3) If two-colorings are Kempe equivalent, then the parity of their degrees is 
the same. 
Remark. We have seen special cases of these results before. For (1) see 
Lemma 2, for (2) and (3) see Section 1.2. 
Proof. Consider the number of pairs (a, b) where a is a top simplex and b is a 
codim l-simplex contained in a. If  the number of faces is w, then the number of 
pairs is t(n + 1) = 2w. Consequently, if n is even, t is even. This proves (2). 
Now 8 dn+l has n + 2 faces, so the number t of top simplices of M equals 
(n + 2) deg(f) modulo 2, h w ere f is any coloring. Thus, when n is odd, deg(f) 
has the parity oft. 
For (3), let 1 be a color appearing in the boundary of a Kempe region of a 
coloring f. The number of top simplices of M not containing 1 is the same for f  
and the coloring obtained by changing f along R. Consequently, degree modulo 2 
is an invariant. 1 
If  we want to compute the degree of a coloring it is possible to reduce it to a 
problem concerning the colorings in the neighborhood of a point. Iffis a coloring 
of M, and p is a vertex of M, then the link of p is a n - 1 sphere. The restriction 
off to this sphere is a coloring f, . We have 
LEMMA 51. If Mn is closed and oriented, then (n + 2) deg(f) = XV deg(f,). 
Proof. Picking an orientation for a d3, each top simplex of M gets an orienta- 
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tion under the coloring f and the sum of the orientations (+ 1 for positive, - 1 
for negative) is (n + 2) times the degree. At p, each top simplex of lnk(p, M) has 
an orientation under f, which is the same as the orientation induced by the top 
simplex of M containing it and p. Consequently, deg(f,) = (l/n + 2) times the 
sum of the orientations of the top simplices around p. Since each top simplex of 
M has n + 1 vertices, the right-hand side of the formula counts each top simplex 
exactly once. This is just the left side. 1 
A consequence of this formula is the following Corollary, which shows how the 
cases n = 2 and n > 2 differ. Compare Theorem 4 and 1.6, Problem 6. 
COROLLARY 52. Let Mn be a closed and oriented manifold. If n is greater than 2 
and M is even, then deg(f) = 0 for any coloring f  of M. 
Proof. The proof is by induction on the dimension of M. By Lemma 51 
and the observation that Ink(p, M) . 1s a g ain an even triangulation, we only need 
consider the case of n = 3. In this case, lnk(p, M) is an even 2-sphere. By 
Theorem 4, deg(f,) = 0. 1 
We would now like to generalize some concepts from Section IV. Define the 
star of a vertex, st(p, M) to be the collection of all simplices which contain p, or 
lie in a simplex which contains p. A local coloring r is an n - 1 chain (set of 
n - 1 simplices) such that for each vertexp, the chain st(p, M) CI TT is the set of 
nonsingular faces of a coloring of st( p, M). A s in Section 1.4, we can define a map 
I/ from rrr (M) to S,,, (the symmetric group on n + 2 letters). A coloring induces 
a local coloring, and a local coloring is induced by a coloring i f f  the image of Z,!J 
is the identity. We define a heawood coloring to be a local coloring whose image 
under $J lies in An+2 (the alternating group on n + 2 letters). It is an exercise to 
show the equivalent definition of heawood coloring: an assignment of fl or - 1 
to each top simplex of M is a heawood coloring i f f  the sum of the assignments of 
the top simplices containing a fixed codim 2-simplex s is zero modulo 3 for every 
codim 2 s in M. A coloring induces a heawood coloring by assigning the orienta- 
tion of a top simplex under f  to the simplex. 
There is no analog of edge coloring in higher dimensions, for it corresponds to 
a normal subgroup of /ld , and for n > 2, A,,, has no nontrivial normal sub- 
groups. 
We end this section with a relation between local colorings and even triangula- 
tions. Suppose that we have a local coloring QT of an n-manifold M with a non- 
empty boundary. rr does not necessarily induce a local coloring on the boundary 
of M, for locally there are one too many colors; e.g., a local coloring of a 3-mani- 
fold induces a local coloring on the boundary with five colors, but the boundary 
is two-dimensional. 
There is a case where a local coloring is induced, and that is when M is even, 
and T is the local coloring with all codim I-simplices singular. In three dimen- 
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sions, saying that M is even is equivalent to requiring that every interior edge 
contains an even number of tetrahedra around it. An edge e of the boundary 
is nonsingular under the induced local coloring i f f  it is contained in an even 
number of tetrahedra of M. Denote the local coloring of the boundary by TO. 
We have the formula 
NS(n”) = c p(e, M)e (1) 
where the sum is over all edges e of M. We use this formula in the next section. 
VI.2. The Odd Structure of an n-~llanifold 
In the case of four-coloring on the sphere, we saw that the number of odd 
vertices was an important factor in determining properties of the four-colorings of 
the triangulation (Sects. 1.4, II. 2). I f  there were no odd vertices, or exactly two, 
then the structure of four-colorings was particularly easy to study (compare 
Theorems 1, 4, 9). For an n-manifold we define a codimension 2 subcomplex 
called the odd part of M and written O(M) which plays the part of the set of odd 
vertices. We are able to get nice results when the odd part is a manifold. We 
begin with some general properties of O(M), prove some general results for the 
case of O(M) a manifold, and then study the special case of rz equal to 3. 
For a manifold Mn, define O(M) to be the set of all interior codimension 
2-simplices which have odd degree. That is, the n - 2-simplices of O(M) are 
in the interior of M and are contained in an odd number of top simplices of M. 
In the two-dimensional case, O(M) consists of all the odd vertices of 111, and so 
agrees with the previous usage of O(M)( see Sect. 1.2). As in Section I.4 we may 
define the even obstruction map #: rl(M - O(M)) + Sn+i . We collect a few 
facts about O(M) in 
LEMMA 53. (1) If f is a coloring of M, then iVVS(f) = O(M). 
(2) Every n - 4 simplex of O(M) is contained in an even number of n - 2- 
simplices of O(M). (0(0(M)) = a). 
(3) If M” has t top simplices, and O(M) has k top simplices, then k = t(“:‘) 
module 2. 
Proof. Let ?T be a codim 2-simplex of M, and f a coloring of M. The link of rr 
is a l-sphere, and f restricts to a three-coloring of it. A codimension l-simplex Q 
containing 7r is nonsingular i f f  f restricted to Ink(r) is nonsingular at Q - r. 
Thus, the number of nonsingular codim 1-simplices containing m is the number 
of nonsingular vertices on the circle Ink(m). This we know (Lemma 2) has the 
parity of the number of vertices of the circle, so the number of codim 2-simplices 
contained in an odd number of nonsingular codim 1-simplices has the parity of 
the number of codim 2-simplices contained in an odd number of codim l- 
simplices. This is the odd part of M, so the first part is shown. 
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We can view the second part as a generalization of the fact that a 2-sphere has 
an even number of odd vertices. Let rr be a codim 4-simplex of iki, lying in O(M). 
We show the following chain of equalities modulo 2, which implies the result: 
p(i7, O(M)) ETi c p(u, M) G c p(u, M) E 6&r, M) Es 0. 
7rCoCO(M) nCoCM 
The first equality follows as each term of the sum is odd, and there is one term for 
each codim 2-simplex of M in O(M) containing n. The second equality holds 
because all the new terms are even. Every n-simplex containing rr has four 
vertices not in r, so the number of codim 2-simplices containing r and lying in 
M is (3 = 6, so the third equality holds. 
The third part is a simple counting argument, and follows by counting the 
number of pairs (.rr, Q) where n is a codim 2-simplex contained in the 
top simplex Q. 1 
In the case that O(M) is a manifold, we have the 
PROPOSITION 54. iZssume that M” is a closed manifold, n > 2, and that O(M) 
is also a manifold. Then 
(I) O(M) is an even manifold. 
(2) I f  M has a coloring, O(M) has a global even coloring. 
(3) If  M has a coloring, and every homotopy class in M is homotopic to a 
curve in O(M), then M has n - 1 global colors. 
Proof. We know from Lemma 53 that every codim 2-simplex of O(M) lies 
in an even number of top simplices of O(M). Part (1) then follows. 
We show that if f  is a coloring of AZ, then f  restricted to O(M) is a global even 
coloring of O(M). Let rr be a codim l-simplex of O(M). The link of n in M is a 
2-sphere, and this sphere has exactly two odd vertices. By 1.2, the two odd 
vertices are colored alike by f. Th us f is everywhere singular on O(M), and so is 
a global even coloring of O(M). 
The topological assumptions of the third part make it easy. The question is 
to compute the map (cr: rri(M) + Sla+i , but every element of n,(M) has a repre- 
sentative in n,(O(M)). Since M has a coloring, by the above O(M) has a global 
even coloring. Consequently, all n - 1 colors corresponding to a simplex in 
O(M) are fixed. The image of # is either Z, or the identity. 1 
We can generalize Theorem 1 and 4 concerning Kempe cycles and degree to 
n-manifolds. 
THEOREM 55. (1) If Mn is an wen n-manifold and H,-I(M, B,) = 0, then all 
colorings are Kempe equivalent. 
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(2) If  O(M) is a manifold, then the degree of any coloring of M is zero (n 
greater than 2). 
Proof. The proof of (1) is essentially the same as in two-dimensions. Consider 
a set of n colors, equivalently an n - 1 simplex of a dn+i. Let W be the 
chain of all nonsingular codim 1 simplices using the colors in this set. 
To see that W is a cycle, we look at the link of a codim 2-simplex v  of M in W, and 
see that the link of this simplex is a circle. Now the number of simplices in W 
containing v  can be determined as the number of nonsingular vertices on the 
circle using a given color. The parity of this is equal to the number of vertices in 
the circle (Lemma 2). Since M is even, this too is even. 
Now since W is in H,-,(M, Z,) = 0, W b ounds a region R. R is therefore a 
Kempe region and changing along it gives a coloring with a smaller number of 
nonsingular codim 2-simplices. Continuing, all colorings are Kempe equivalent to 
a coloring with all edges singular. This is the global even coloring, so we are 
done. 
The proof of (2) is by induction. We first verify it for n = 3. If  M is a 3- 
manifold with O(M) a manifold (a collection of disjoint circles) then the link of 
any vertex is a 2-sphere with at most two odd vertices. The degree of any coloring 
of this is zero by Theorem 4, so Lemma 51 finishes the proof. For n greater than 
3, we again apply Lemma 51 and the obvious induction. i 
For the rest of this section, we turn our attention to the special case of 3- 
manifolds. If  ill is a 3-manifold, then O(M) is a l-complex or graph. Lemma 53, 
Part (2) shows that at every vertex of O(M), there are an even number of edges. 
Such a graph is called Eulerian. If  M is compact, and O(M) is a manifold, then 
O(M) is a collection of disjoint circles. How many circles may there be, and how 
are they situated in M? The next proposition allows us to construct an S3 
(3-sphere) with O(S) equal to two circles. 
We must first define the join of two spheres. If  X” is a triangulated n-sphere, 
and YF71 an m-sphere, then the join Xn * Y” has as vertices all those of X and Y. 
The top simplices of the join have as sets of vertices x u y, where x (resp. y) is 
the set of vertices of a top simplex of X (resp. Y). The rest of the simplices of the 
join are faces of these simplices. This is a combinatorial definition; the topological 
fact is that the join is a sphere of dimension n + m + 1. 
We make the conventions that the join with an empty set is empty, 
O(P(2n)) = o and Y * O(P(2n + 1)) = Y. 
PROPOSITION 56. Let X be an n-sphere and Y un m-sphere. Then 
(1) O(s0 * Y) = S” * O(Y) 
(2) O(P(r) * Y) = P(r) * O(Y) U Y * O(P(r)) (m 2 1) 
(3) 0(X * Y) = X * O(Y) U O(X) * Y (n, m > 2). 
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Proof. We only prove the last case; the other two are simple modifications of 
the argument. A codim 2-simplex r of the join has n + m vertices, so it must be 
the join of simplices of X and Y in one of three ways: X%-~ *ym, xn-l * ym-l, 
P * ymw2. In the first case, the degree of r in the join is p(x, X); in the second it 
is 4; in the third it is p( y, Y). The first case gives the term O(X) * Y; the second 
case contributes nothing, and the third case gives S * O(Y). 1 
EXAMPLE 1. Two linked circles. Consider P(5) * P(5). The odd part is 
P(5) u P(5) by the above proposition. Moreover, these two circles are linked. 
In general we say that two circles C and C’ embedded in a 3-sphere are linked if 
there is no disk D of S such that C is contained in D and c’ is disjoint from D. 
If  there is such a disk, we say that C and C’ are unlinked. 
It is possible to find an S3 with O(S) consisting of two unlinked circles. To do 
this we need the following two lemmas. 
LEMMA 57. Let M be a triangulation of an n + 1 manifold, with nonempty 
boundary N. If  f is a coloring of N, there is another triangulation of M, M”, and a 
global even coloring F of M” such that the boundary of M” is still N, and F restricted 
to N is f. 
Proof. The idea is to use barycentric subdivision of the edges. If  e is an edge 
of fib, the effect of the barycentric subdivision at e is to remove the star of e, add 
a new vertex, and join it to all the vertices of 2st(e) = 2e * Ink(e). We think of the 
new vertex as being the midpoint of e. For this proof only, subdivision means 
this type of barycentric subdivision. 
If  there are any edges of M whose end points both lie in N, subdivide these 
edges. Let the n + 2 colors used on N be 1, 2,..., n + 2. Begin by labeling all the 
interior vertices 1. Subdivide any edge which joins two vertices labeled 1. The 
new vertices added are not yet labeled. This subdividing preserves the property 
of every n + 1 simplex having at least one vertex labeled 1. When we are finished, 
every top simplex has exactly one vertex labeled 1. 
Now label all unlabeled vertices 2. Subdividing all edges which have two 2’s 
on them, we construct an M’ which has exactly one 1 and one 2 on every top 
simplex. Continuing in this fashion, we construct M”. f was never altered, so the 
labeling agrees with f on the boundary, and is itself a coloring in n + 2 colors. 
It is therefore a global even coloring. 1 
LEMMA 58. Let Sn be a triangulation of an n-sphere and let f and g be colorings 
qf S. There is a triangulation of an n + 1 sphere whose odd part is ns(f) + ns( g), 
where the sum is module 2. 
Proof. The triangulation of the n-sphere S bounds a triangulation D of an 
n + 1 disk. By the lemma there are triangulations D’ and D” of this disk and 
global even colorings F’ and F” of I)’ and D” such that F’ = f and F” = g on the 
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boundary. Form a triangulation M of the n + 1 sphere by joining D’ and D” 
along S. The odd codim 2-simplices ?r of M are precisely those r which are odd 
in D’ or D” but not both. By VI. 1, Formula (1) this is exactly ns(f) + ns( g). 1 
EXAMPLE 2. Two unlinked circles. Take some triangulation of the two- 
sphere with a three-coloring f. Choose a four-coloring g such that 1 ns( g)/ 
consists of two disjoint circles. Applying Lemma 58, we can find a triangulation 
M of the sphere such that O(M) = ns( g). Th e t wo circles are clearly not linked. 
EXAMPLE 3. O(M”) a nonmanifold. Take f as above, and let g be such that 
ns( g) is a figure eight (two circles touching at one point). Lemma 58 gives us an 
M3 with O(M) equal to a figure eight, so O(M) is not a manifold. I f  we form 
N = S” z+ So z+c So . . . s” * M, then by Proposition 56, O(N) = S” * S” * ... 
S” * O(M), so the odd part of N is not a manifold. Note that n must be greater 
than 2: if n is 2, then O(M2) is always a manifold. 
In Example 2, both circles had an odd number of edges. The next lemma is 
used to show that it is not possible to have two unlinked odd circles. 
LEMMA 59. Suppose that S3 is a triangulation of the 3-sphere and O(M) = 
A v  B, where A is contained in a disk D which does not meet B. Then there is a 
triangulation N of the 3-sphere such that O(N) = A. 
The proof of this is deferred to the next section, for it uses even subdivision. 
COROLLARY 60. If  S3 is a triangulation of the 3-sphere and if O(S) consists of 
two circles, each of odd length, then the two circles are linked. 
Proof. I f  not, by Lemma 59 there is a triangulation N of the 3-sphere such 
that O(N) = P(2k + 1) for some k. By Part (3) of Lemma 53, O(N) has an even 
number of vertices. 1 
VI. 3. Subdivision 
We studied even subdivision of 2-manifolds in Chapters II and V. In this 
section we first define even subdivision for n-manifolds, study its properties, and 
finally show that there are triangulations of the 3-sphere that have no even 
subdivision with a coloring. This is different from the 2-sphere, where every 
triangulation has an even subdivision with a coloring (Corollary 13). 
Just as even subdivision in two dimensions was based on the octahedron, even 
subdivision in n dimensions is based on the n-dimensional octahedron Ott(n). 
The topological definition of Ott (n) is S” * S” ... S” (n + 1 factors). For 
Ott(2), see Fig. 1. Let n be an r-simplex of M n. We form the even subdivision of 
Mat r by first removing St(n), adding a copy of Oct(r + 1) where = was attached, 
and then starring Oct(r + 1) to Ink(r). I n case n is an edge, we are then adding 
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two vertices to n (instead of one as in the case of barycentric subdivision) and 
joining them to the link of the edge. 
The first thing to observe about even subdivision is that if M has a coloring, 
then the even subdivision at + has a coloring which extends the coloring on M. 
In fact, the octahedron that was added has a global even coloring, so we use the 
same r $- 1 colors that were used on ZT. Clearly the degree of the coloring is the 
same as the original. As we saw for it equal to 2 (II.l), iffand g are two colorings 
which are Kempe equivalent on M, then their extensions are Kempe equivalent 
on an even subdivision. 
The problem of when two different colorings are Kempe equivalent seems to 
be extremely difficult. In the next section we show that if the odd part of a 
3-sphere is a circle, then there is a nice canonical form for a coloring 
under subdivision. Observe that if we subdivide M, then the link of each vertex 
is also evenly subdivided. Consequently, all the invariants of Kempe equivalence 
of lower dimensions appear as invariants of M. For instance, if M is three- 
dimensional, then the degree of the coloring of Ink(p), for any vertex p, is an 
invariant under subdivision. Therefore, to every coloring f  of M3 there is an 
integer invariant, the number of vertices of M3 such that the degree of the 
coloring on the link is odd. This is an invariant of Kempe equivalence under even 
subdivision. 
We now have a generalization of the weak four-color theorem: under certain 
topological conditions on the placement of O(M) in M, there is a subdivision of 
M with a coloring. An extravagent generalization of the four-color problem would 
be that no subdivision is necessary. 
THEOREM 61 (Weak coloring). Suppose that (1) M is simply connected, (2) 
consists of disjoint n - 2-spheres, (3) these spheres bound disjoint n - 1 disks; 
then, some even subdivision of M has a coloring. 
Remark. We construct a coloring ,f such that / NS(f)l has the following 
form: j NS(f)/ is the disjoint union of subcomplexes .Zi, one for each sphere 
Si of M. Each Zi is the union of three disks, the intersection of any two of them 
being Si . (If each .Zi is the union of three n - l-manifolds, the intersection of 
any two being Si , then we say that f is in manifoldform.) 
Proof. From the topological assumptions, it is clear that we can find disks 
Di , Di’, and D:( as in the remark above. In addition, we may assume that Di LJ Di’ 
forms a sphere containing 0; in the interior, and all other Zj in the exterior. We 
may also assume that all the disks are subcomplexes of some even subdivision 
of M. 
Note that P,(M - xi) = 0 where X is the union of all the interiors of the 
Di u Di’. The complement therefore has a global even coloring F in n + 1 
colors, which we take to be 2, 3,4,..., n $- 2. By Proposition 54, F restricted to any 
Si uses only n - 1 colors. 
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Fix a sphere S of O(M), with disks D, D’, and D”, and assume that the global 
even coloring on S uses colors 4, 5,..., n + 2. Subdividing if necessary, we 
construct a disk E with aE = S, and E uses the colors 3, 4,..., n + 2. Take any 
vertex p of D which is colored 2 by F. The link of p is colored with the colors 
that we want, so replace D n st(p, M) with one of the two components 
of Ink(p) - D. (In three dimensions, D n st(p) is the equatorial plane through 
the sphere, and Ink(p) - D is the upper and lower hemispheres determined by 
this plane.) Doing this for each vertex colored 2 in D, we get a new disk E. We 
can evenly subdivide to assure that E has the same properties as D. 
We now perform a similar process for D’, eliminating the color 3. We now have 
disks E and E’ containing D” in the interior. E and E’ bound an even sphere 
that has a coloring using colors (say) 1, 3, 4,..., n + 2. We may take this coloring 
to be equal to the one on E. Using this coloring, eliminate the color 3 from D”, 
obtaining E”. 
We now have the following situation. There is a coloring of the solid sphere 
bounded by E and E’ such that E uses 3,4 ,..., n + 2; the region between E and E” 
uses 1, 3, 4 ,..., n + 2; E” uses 1, 4 ,..., n + 2; the region between E” and E’ uses 
1 , 2, 4,. . . ) n + 2, and E’ uses 2,4 ,..., n + 2. If  we do this for each of the spheres 
of O(M), and combine them with the map F, we get a coloring of the entire 
space. 1 
We return to the topic of the last section, the odd part of 3-manifolds. If  M3 
is a 3-manifold then O(M) is a l-complex, with each vertex meeting an even 
number of edges of O(M). If  we evenly subdivide ICI at an edge, then O(M) is 
either the same, or some edge of O(M) has two vertices added to it. 
Suppose that f  is a coloring of M. f  induces a labeling on O(M) that is a 5- 
coloring of O(M). Ifp is a vertex of O(M) which is of degree 2 in O(M), then the 
link of p in M is a 2-sphere S. S has exactly two odd vertices, lnk(p, O(M)), 
so they are colored the same by f  (Lemma 3). I f  we take an arbitrary vertex 4 of 
O(M), then lnk(q, M) has a certain number of odd vertices. If  d is the degree off 
restricted to S, then Lemma 3 says that the number of odd vertices of this 
sphere colored with one of the four colors has the same parity as d. This estab- 
lished the following 
LEMMA 62. Letf be u coloring of M3. For each vertex p of M there is an integer 
d(p) such that the number of vertices of Ink( p, O(M)) with a fixed color di$zrent from 
f( P> ha parity d(p). 
COROLLARY 63. (1) No even subdivision of P(5) * P(5) has a coloring. 
(2) Every colcring of an even subdivision of A* has odd degree. 
Proof. Part (1) follows either from Lemma 63, or from (2) Proposition 54. 
For part (2) observe that every edge of A4 is odd, so O(A4) is the complete 
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graph on five vertices: every vertex is joined by an edge to every other one. Any 
coloring of an even subdivision of O(M) must, by Lemma 62, have the five 
vertices of degree 4 of O(M) all colored differently. The numbers d(p) can 
therefore be taken to be 1 on these five vertices, and zero elsewhere. From Lemma 
51,5 deg(f) is the sum of the d(p), so deg(f) is odd. 1 
These two results show the difference between the cases of 2-manifolds and 
3-manifolds. Every 2-sphere has an even subdivision with a four-coloring 
(Corollary 13); there are 3-spheres where no even subdivision has a coloring. 
Every 2-sphere has a coloring of even degree (Corollary 14); there are triangula- 
tions of the 3-sphere with only colorings of odd degree. 
We conclude this section with the proof of Proposition 59, stated at the end of 
the last section. Since the boundary of D does not meet A or B, and since S is 
simply connected, there is a neighborhood of the boundary of D which has a 
four-coloring. By Lemma 57, there is an even disk D’ such that the boundary of 
D’ is isomorphic to the boundary of D, and the four-coloring on D’ agrees with 
the four-coloring on D. Joining D and D’ along the boundary gives the desired 
triangulation. 1 
VI.4. Knots 
In this section we are going to investigate 3-spheres S3 where O(S) is a circle. 
We find analogs of Corollary 13 and Theorem 9 concerning the existence of 
colorings and Kempe equivalence. An embedding of a circle in a 3-sphere is 
called a Knot. The only topological fact that we are going to need about knots is 
the existence of a Seiffert surface for a given knot. Suppose that K is a knot in S3. 
A Seifert surface for this knot is a surface M2 contained in S3 such that the 
boundary of M is K. Even for a simple knot such as the overhand knot it is not 
immediately clear how to find one, but it is a fact that every knot has one. (See 
Crowell and Fox (1963).) It is clear that we can actually find three Seiffert 
surfaces M, &I’, M” such that the intersection of any two of them is K. We say 
that the three Seiffert surfaces are in manifoldform. 
We prove the following three theorems. As before, it would be very nice to 
remove the assumption of subdivision in Theorems 65 and 66. 
THEOREM 64. Given a knot in the 3-sphere, there is a triangulation S of the 
3-sphere such that the embedding of O(S) in S is the same as the given knot. 
THEOREM 65. Given a triangulation S of the 3-sphere with O(S) a circle, there 
is an even subdivision of S that has a coloring. 
THEOREM 66. Given a triangulation S of the 3-sphere with O(S) a circle, then 
under subdivision all colorings are Kempe equivalent to a coloring in mumfold form. 
Proof of Theorem 64. Pick three Seiffert surfaces -4, B, C in manifold form for 
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the knot K. Triangulate the resulting structure so that the knot K has an even 
number of vertices. Color K with colors 1 and 2. By the extension Lemma 57 
applied to the two-coloring of the knot, we can assume that A, B, and Care three- 
colored, with the three-coloring extending the two-coloring of the boundary. 
Use colors 1, 2, 3 on A; 1, 2, 4 on B, and 1, 2, 5 on C. The complement of 
A u B u C consists of three regions. Apply the extension Lemma 57 in turn to 
each of these regions. The region between A and B uses colors 1,2, 3,4; between 
B and C uses 1,2,4,5, and between A and C 1,2,3,5. We have now constructed 
a triangulation of the three-sphere with a coloring. The nonsingular part of this 
coloring is A U B u C. Since the boundary of the nonsingular part is O(S) 
(Lemma 53), we are done. 1 
Proof of Theorem 65. Let K be a Seiffert surface for the knot. We show that 
we may move K slightly as in the proof of Theorem 61 so that the new K’ has a 
three-coloring. We know (Proposition 54) that K has two global colors, and that 
the vertices of O(S) are two-colored by these two global colors. Consider a 
triangle D on K that does not have two global colors on it. Consider the link of a 
vertex p of D which is not a global color. Subdividing if necessary, we can take 
the link to be in general position: Ink(p) n S = Sr. Moreover, the link is three- 
colored, with two global colors on every triangle. Now Ink(p) - (Ink@, K)) 
consists of two hemispheres. So we replace st(p, K) by one of them and obtain a 
Seiffert surface with fewer triangles not having two global colors. Continuing, 
we get a Seiffert surface with a three-coloring induced by two of the global colors. 
We now copy the proof of the last result. It is possible that two of the surfaces 
,4 and B may both use colors 1,2,3 under the four-coloring of the region between 
them. Simply modify B as in the above paragraph to get a new triangulation of B 
with colors 1, 2, 4. 1 
Proof of Theorem 66. Let the two global colors be 1 and 2 and let f  be a 
coloring of S3. Consider the set of nonsingular triangles which use colors 1, 3, 4. 
None of the odd edges of S3 occur in this set, so the H, boundary of this set is 
empty. Consequently, this set is a Kempe cycle and it bounds a Kempe region. 
We may change along it, and so have no nonsingular triangle of this form. We 
may also eliminate nonsingular triangles which do not have 1 and 2 as colors. 
Thus, we may assume that all the nonsingular triangles are colored (1, 2, 3), 
(1, 2,4), (1,2, 5). 
Let N be the set of nonsingular triangles and let R be a region of S3 - N. 
R uses four colors, say 1, 2, 3, 4, so the triangles of the boundary of R use 
(1,2,3) or (1,2,4). We call a maximal set of edge-connected triangles of the same 
three colors of the boundary of R a face of R. 
Let g be a coloring of Sa Kempe equivalent to f  which has the least number of 
faces (including all the regions). We first claim that every region of S3 has at 
most two faces. If  it has exactly one face, then the region is a Kempe region, and 
so we may change along it. I f  R is a region which has two faces F and F’ using 
SURFACES AND HIGHER-DIMENSIONAL MANIFOLDS 265 
the same three colors, we can find a tube from one of the faces to the other. By 
subdivision, we may assume that this tube uses the same three colors as F andF’. 
I f  we change along the boundary of this tube, we have a new coloring where the 
two faces are now joined into a face. 
We may now assume that every region has exactly two faces. Furthermore, by 
even subdivision we may assume that the intersection of any two faces is on the 
boundary of the face. Consequently, any two faces of a connected component of 
I NS(f)l have the same boundary. If  there are more than three faces, then two of 
them use the same three colors, and so we may change along this cycle and eli- 
minate them. If a component has exactly two faces, then they have the same 
three colors, so they also bound. We are thus left with three surfaces meeting at 
O(S). This is clearly equivalent to a coloring in manifold form. 1 
111.5. Problems 
Problem 1. How many colorings does the n-dimensional octahedron have ? 
Problem 2. If  M is an n-manifold with O(M) = d, H,‘_.,(M, Z,) = 0, and 
M has a coloring, then M has a global even coloring. 
Problem 3. Show that even subdivision preserves the parity of the number of 
top simplices. Deduce (2) of Corollary 63 from Lemma 53. 
Problem 4. Find a triangulation of S3 with exactly one global color. Find 
triangulations of S4 with exactly 1 (2) global colors. 
Problem 5. Find two even triangulations of S4 (the 4-sphere) such that the 
number of colorings of one of them is 0 modulo 4 and of the other is 2 modulo 4. 
Problem 6. A local coloring is a heawood coloring i f f  the image of # lies in the 
alternating group. Show that this is equivalent to the following: There is an 
assignment of + 1 or - 1 to the n-simplices such that the sum of the assignments 
around any codim 2-simplex is zero modulo 3. 
Problem 7. S uppose that M 1s an n-manifold, O(M) is a connected submani- 
fold, H&M, Z,) = 0. Show that there is an even subdivision of M that has a 
coloring. 
Problem 8. If  Kis an Eulerian graph (VI. 2), show that there is a triangulation 
of some surface M2 and a four-coloringfof M2 with KY(~) = K. 
Problem 9”. Is there a triangulation of S3 with O(S) equal to two circles each 
of even length, and the two circles linked? 
Problem IO”. If  O(Mn) is a connected manifold, is it homologous to zero 
in H,-,(M, E2) ? 
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Problem 1 I ‘. I f  S is an n-sphere with a global even coloring, is the number of 
colorings of S the same parity as 1z ? For n equal to 3 is the number of colorings 1 
modulo 4 ? 
Problem 12”. I f  S3 is an even 3-sphere, is the number of colorings where a 
given triangle is singular even ? 
Problem 13”. I f  G is an Eulerian graph with a two-coloring and an even 
number of edges, is there a triangulation of the 3-sphere with G as its odd part ? 
Problem 14”. Suppose that S3 is a triangulation of the 3-sphere and the l- 
skeleton includes the l-skeleton of the 5-simplex. How simple can the odd 
structure be ? It cannot be even. 
Problem 15”. Is there a coloring of the 120 cell? (The triangulation of S3 
with 120 vertices such that the link of each vertex is an icosahedron is called the 
120 cell.) 
Problem 16”. I f  the odd part of an even manifold is a connected submani- 
fold, is there a subdivision with a coloring ? 
Problem 17”. I f  the odd part of a manifold is a connected submanifold, are 
all the colorings Kempe equivalent under subdivision ? 
Problem 18”“. I f  the odd part of a simply connected manifold is a connected 
submanifold, does the manifold have a coloring ? If simple connectivity is 
removed, is there a local coloring ? This is an extravagant generalization of the 
four-color problem. 
